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Abstract. We describe a method for computing theoretical photometric amplitude ratios for a number of modes of nonradially
pulsating subdwarf B stars in both SDSS and UBVR systems. In order to avoid costly solutions of the non-adiabatic nonradial pulsation equations, we have adopted the adiabatic approximation. We argue that this is a valid approach, at least for
the V361 Hya stars, because observations show that the temperature perturbations dominate the radius perturbations in the
flux variation. We find that for V361 Hya stars, low-degree ( = 0, 1, 2) modes may be diﬃcult to distinguish using optical
photometry. However, the high degree modes ( = 3, 4) are relatively well separated and may be distinguished more easily. We
have also computed the amplitude ratios for a number of modes in PG 1716+426 stars. For these stars, the amplitude ratios for
low degree modes ( = 0, 1) are well resolved. For oscillations with periods ∼40 min, higher-degree modes ( = 2−4) may
also be identified easily from their amplitude ratios. However for longer period oscillations, the  = 3 and the  = 2, 4 modes
approach the  = 0 and  = 1 modes respectively.
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1. Introduction
Subdwarf B (sdB) stars are identified with the extended
horizontal branch stars in the Hertzsprung-Russell diagram.
They are low mass stars (M ∼ 0.5 M ) that burn helium in their
core and possess an extremely thin hydrogen envelope that is
unable to burn hydrogen (Heber 1986). These stars evolve into
low mass white dwarfs and are the main contributors to the ultraviolet excess from the giant elliptical galaxies (Brown et al.
2000).
A few years ago, a number of sdB stars were discovered to pulsate (see Kilkenny 2002, and references therein).
At the same time independent theoretical calculations showed
that, under certain circumstances, pulsations were likely to be
excited in extended horizontal branch stars (Charpinet et al.
1996). These stars, now known as V361 Hya stars (originally
called EC14026 variables after the prototype EC14026-2647),
are multi-periodic pulsators with periods of a few hundred seconds. The pulsations have been identified with low-order and
low-degree p modes driven by the opacity (κ-)mechanism, with
iron-group element opacities (Z-bump) being responsible for
the excitation (Charpinet et al. 1996, 1997).
More recently, another group of pulsating sdB stars has
been discovered with periods of around one hour (Green et al.
2003). These are referred to as PG 1716+426 stars after the

prototype of this name1 . Recent models propose that these pulsations are due to high-degree gravity modes excited by the
same Z-bump κ-mechanism as the V361 Hya stars (Fontaine
et al. 2003).
The pulsating sdB stars oﬀer an excellent possibility for
doing asteroseismology because the frequency distribution is
sensitive to the structure of the outer layers of the star. Already
eﬀorts have been undertaken in this direction (Brassard et al.
2001).
An asteroseismic analysis requires a precise determination
of frequencies and the identification of the modes corresponding to these frequencies. The modes of oscillation are represented by the radial order (n), the spherical degree () and the
azimuthal number (m). For nonrotating stars, the frequency of
the mode is independent of m. Identifying  from frequencies
alone is diﬃcult as the frequency spectrum can be complicated.
Therefore, methods which use additional information from line
profile, radial velocity and colour variations have been developed. Spectroscopic methods which rely on line profile variations have been applied to stars such as β Cephei (e.g. Aerts
1996).
1
There are in fact two subdwarf B stars in the Palomar Green catalogue with right ascension 17h 16m (Green et al. 1986), so the shorter
epithet PG 1716 is ambiguous.
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The photometric method to detect modes started with the
pioneering work of Dziembowski (1977) who derived expressions for the bolometric and radial velocity variations for
a non-rotating star pulsating nonradially in a single mode.
Balona & Stobie (1979) recast Dziembowski’s derivation in a
form suitable for comparison directly with the observations.
Using colour amplitudes and phase diﬀerences, Stamford &
Watson (1981) attempted to identify the modes in β Cephei
and δ Scuti stars. Watson (1988) extended this method by incorporating the variation of limb darkening and applied it
to ZZ Ceti, 53 Persei, and Cepheid variables. Garrido et al.
(1990) and Garrido (2000) derived a method of mode identification based on phase diﬀerences and applied it to δ Scuti
and γ Doradus variables. This method is appropriate for stars in
which both radius and temperature variations aﬀect the overall
light curve. Heynderickx et al. (1994) used a photometric mode
identification and applied it to hotter stars such as β Cephei, in
which phase diﬀerences are less important because the temperature eﬀect dominates the radius eﬀect. Various authors have
used the amplitude ratio method to study the slowly pulsating B stars (SPB) (Townsend 2002; Dupret et al. 2003). Koen
(1998) estimated values of  for a V361 Hya star using the amplitude ratio method of Watson (1988). In this paper we derive new theoretical amplitude ratios useful for identifying the
spherical degree of nonradial oscillations in both the V361 Hya
and PG 1716+426 stars.

2. Method
The amplitude ratio method (Heynderickx et al. 1994) is based
on the fact that for nonradially pulsating stars the photometric amplitude is a function of wavelength for a particular value
of  and is independent of the azimuthal degree m and inclination angle i. This property can be exploited observationally
either by use of a dispersive spectrograph, an energy-sensitive
detector, or a multi-colour photometer. In the latter case, the
relative amplitudes between the various photometric passbands
needs to be found. This calculation involves a description of
the stellar surface.
We compute the figure of the stellar surface as perturbed by
one or more pulsation modes, providing local values for eﬀective temperature T eﬀ , surface gravity log g, normal surface vector, projected area and velocity for the visible stellar surface.
This is convolved with a grid of theoretical intensity spectra
in order to compute the apparent flux in the wavelength region
observed. Finally, the apparent flux is convolved with an appropriate set of transmission functions to simulate the observed
photometric indices.
In order to achieve this, we have combined a number of
existing computer programs:
–  (Townsend 1997) is a code written in FORTRAN77
for nonradially pulsating stars which also rotate. It creates
an equilibrium surface grid on the photosphere of the star.
The grid is a two dimensional mesh wrapped around the
entire surface of the star with the appropriate stellar radius and photospheric physical quantities assigned to each
grid point. The grid is then subjected to perturbations in

velocity, temperature, normal and area for an arbitrary
number of pulsation modes over a progressive sequence
of time steps. The parameters given to  are the effective temperature, log g, the polar radius, equatorial rotational velocity, the oscillation period, the nonradial mode (
and m), the inclination angle (i) and the amplitude of the radial velocity. Although  is capable of incorporating
nonadiabatic eﬀects, we assume throughout that the pulsation behaves adiabatically; we discuss the rationale and
validity of this approximation in Sect. 5.
–  (Jeﬀery et al. 2001) constructs line-blanketed
model atmospheres for early-type stars in local thermodynamic, radiative and hydrostatic equilibrium. A grid of
models with 18 000 K ≤ T eﬀ ≤ 36 000 K, 4.8 ≤ log g ≤ 6.0,
and with nHe /nH = 0.01 and solar metallicity was computed
for this paper2.
–  (Jeﬀery et al. 2001) computes emergent fluxes
and specific intensities for a given model atmosphere,
wavelength region, angles and a specified list of atomic absorption lines. Specific intensities (Iλµ ) were computed for
six angles (µ = 1, 0.8, 0.6, 0.4, 0.2 and 0.01) in the wavelength interval 2900−8000 Å on the above grid of model
atmospheres. A microturbulent velocity of 5 km s−1 was
adopted for all models. Each spectrum includes approximately 178 000 frequency points and considers the contributions from over 133 000 absorption lines. 
does not currently treat the convergence of the Balmer series beyond H20 (3676 Å) (Fig. 1), so the wavelength region (3646−3675) Å is incorrectly treated. This region represents less than 10% of the flux in u , and temperature and
gravity eﬀects on the higher-order Balmer lines will follow
the behaviour of lines up to H20 . It is necessary to include
these filters because the largest amplitude variations occur
in u /U for pulsating sdB stars; the systematic errors introduced by omitting Balmer lines and above H20 are likely to
be small.
–  (Townsend 1997) combines the output from 
and  to generate a series of time-resolved
observer-directed disk-integrated spectra: Fλ (t).

3. Photometric amplitudes
For transformation into an astronomical photometric system,
these fluxes (Fλ (t)) are convolved with the corresponding transmission functions (see, Fig. 1):

Fλ (t)T xλ dλ

(1)
F x (t) =
T xλ dλ
where T xλ represents the transmission function and F x is the
integrated flux in a passband x.
We convert the variation in F x in terms of magnitude by:
 0

F x + ∆F x
∆m x (t) = −2.5 log
(2)
F 0x
2

These models are available online at URL:
www.arm.ac.uk/∼csj/models/Grid.html
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Fig. 1. A typical sdB spectrum T eﬀ = 32 000K, log g = 5.8 together with the SDSS filter transmission functions (labelled). The gap near the
Balmer limit represents a region where hydrogen line opacity is not treated correctly by .

where F 0x is the average flux, ∆m x is the change in magnitude
(which is a function of time) and ∆F x is the change in flux.
Thus, we simulate the lightcurve in each passband for a number of modes. The amplitude (in magnitude) and phase of the
variation in each passband, a x , φ x , can be obtained from the
best-fit sine function to ∆m x (t).
For the present study, we have computed amplitudes in
the u , g and r filters of the Sloan Digital Sky Survey System
(SDSS) (Fukugita et al. 1996) as well the U, B, V and R filters of the Johnson-Cousins system (UBVR) (Bessel 1990). By
convention, we have normalized the amplitudes to the amplitude in the u and U filters in the SDSS and UBVR systems,
respectively, in order to obtain the amplitude ratios.
The theoretical amplitude ratios for each  can then be compared with those obtained from observations. For a given spherical degree , let the theoretical amplitude ratio Ax,u = a x /au ,
where a x is the amplitude in passband x, and the observed corresponding amplitude ratio be (A x,u )obs . Then l may be constrained, for example, by minimizing the statistic

2
Ax,u − (A x,u )obs
D =

Fig. 2. The photometric amplitude (in magnitudes) is plotted with
the velocity amplitude for the passbands u (triangle), g (cross) and
r (diamond).

x

with respect to .

4. Analysis
As the sdB stars have a mass of around 0.5 M (Heber 1986),
the polar radius is given directly by the surface gravity. For
example, for an V361 Hya star of log g = 5.8, the polar radius is ∼0.15 R and for a PG 1716+426 star with log g = 5.5,
the polar radius is ∼0.21 R . Most of the pulsating sdB stars
are slow rotators (Heber et al. 2000, and references therein)
and hence we have used an equatorial rotational velocity
of 10 km s−1 .
Figure 2 shows the photometric amplitude as a function of
velocity amplitudes for various spherical degrees in the three
filters of the SDSS system. This figure demonstrates that the

amplitudes scale linearly with vamp and hence that the amplitude ratios are independent of vamp . Therefore we have adopted
a nominal vamp = 10 km s−1 . Computations were carried out
for i = 45◦ and 60◦ , and for all allowed positive values of m. As
expected, amplitude ratios were independent of both i and m.
In practice, in calculating amplitude ratios, we have usually
used m for which the apparent amplitude is greatest at the
adopted inclination.
To model the V361 Hya stars, we have chosen T eﬀ =
32 000 K, log g = 5.8 and test periods of 135 s and 185 s (cf.
Kilkenny 2002). We find that as the period decreases (Figs. 3
and 4), amplitude ratios for  = 0−2 lie extremely close to each
other at visible wavelengths, while for  = 3 and 4, they are
well separated. Varying T eﬀ by a small amount does not change
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Fig. 3. The photometric amplitude ratio as a function of the wavelength for  = 0 (solid line), 1 (dotted line), 2 (dashed line), 3 (dashed
dot line) and 4 (dashed dot dot dot line) in a model V361 Hya star
of period 135 s and 185 s in the UBVR photometric system. We have
shown the values of  corresponding to the lines in the diagram.

the plot (third plot of Fig. 4). The small separation of the low
degree modes may make it diﬃcult to distinguish modes of low
spherical degree, modes with  = 3 and 4 should be more easily identified. In fact using these results, Jeﬀery et al. (2004)
have shown that one of the observed frequencies in each of the
two V361 Hya stars KPD 2109+4401 and HS 0039+4302 may
correspond to an  = 4 mode.
To model the PG 1716+426 stars, we have used T eﬀ =
25 000 K, log g = 5.5 and test periods of 40, 60 and 90 min
(cf. Green et al. 2003; Fontaine et al. 2003). Figures 5 and 6
show that for a period of 40 min the amplitude ratios for different values of  are well separated. For longer periods, the
amplitude ratios for the  = 0 (radial) and  = 1 modes do
not change significantly, but the ratios for higher order ( > 1)
modes move towards higher values so that the  = 3 mode is
very close to the radial mode and the  = 2 and 4 modes are
close to the  = 1 mode. Therefore, unlike the V361 Hya stars,
the low degree ( = 0 and 1) modes of PG 1716+426 stars are
well separated. Higher-degree modes ( > 1) may be either
well resolved or, depending on the period, diﬃcult to distinguish from low-degree modes.
It should be noted that these results are only valid for slowly
rotating pulsating sdB stars. They may not be valid for more

Fig. 4. As Fig. 3 in the SDSS system. The bottom panel shows the
eﬀect of a small change in T eﬀ .

rapidly rotating sdB stars such as PG 1605+072 (Heber et al.
1999).

5. The adiabatic approximation
Usually the computation of theoretical amplitude ratios involves calculations which require setting up an equilibrium
model and solving the pulsation equations in the nonadiabatic
limit. However, this is a costly process and can be avoided if
the adiabatic approximation can be justified.
To illustrate, equilibrium models of subdwarf B stars have
been well studied (e.g., Dorman et al. 1993), but require the
inclusion of diﬀusive processes, including the radiative levitation of iron (Charpinet et al. 2001) and other elements, before
pulsational instability can be established. These models have
been used successfully as input to full non-radial non-adiabatic
pulsation equations in order to reproduce pulsation periods
for V361 Hya stars (Charpinet et al. 2001). Initial results for
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Fig. 5. As Fig. 4 for a model PG 1716+426 star with periods of 40, 60
and 90 min.

Fig. 6. As Fig. 5 for a model PG 1716+426 star with periods of 40, 60
and 90 min in the UBVR system.

PG 1716+426 stars are also promising (Fontaine et al. 2003).
In order to simulate the precise variations in flux and spectrum of these stars, we ought to have used the non-adiabatic
amplitudes generated by similar solutions as input to .
However, this approach can be substituted by the simpler adiabatic approximation if the amplitude of the temperature perturbations is very much greater or very much less than that of the
radius perturbations.
The flux variations may be represented as (e.g. Townsend
2002)

where ∆F x is the change in the flux in a passband x, T x
and R x represent the flux variations arising from temperature
and radius perturbations respectively, T a and Ra are the complex temperature and radius amplitudes obtained by solving the
nonadiabatic pulsation equations, Ym (θ, φ) is the usual spherical harmonic, σ is the frequency, T eﬀ is the eﬀective temperature and  is the spherical degree. Ix and I0x are quantities that
depend on the radiation field of the atmosphere.
As observed by Koen (1998) and Jeﬀery et al. (2004), the
light curves in diﬀerent passbands of V361 Hya stars do not
show any phase diﬀerences. Moreover, the light curve in the
bluest filter has the largest amplitude, indicating that the temperature eﬀect dominates the flux variation. Therefore if we
neglect the second term in Eq. (3), the amplitude at a given
wavelength depends only on the amplitude of the temperature
variations and the radiation field. On taking the amplitude ratio, the contribution is then only from the radiation field term.
Hence for V361 Hya stars, amplitude ratios do not depend upon



∆F x
= Re Ym (θ, φ)eiσt (T x + R x )
Fx
T a ∂Ix
I0x ∂ ln T eﬀ
Ra
Rx =
(2 + )(1 − )Ix
I0x
Tx =

(3)
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the amplitudes of the temperature variations or on the radius
variations, and our use of the adiabatic approximation will lead
to the same results as a fully non-adiabatic analysis. However,
in the case of stars where both temperature and the radius effects contribute significantly to the flux variations, a full nonadiabatic treatment is required to compute the amplitude ratios.
For the PG 1716+426 stars, Green et al. (2003) observe that
the pulsation amplitude is highest in the bluest filter. There is
no published data regarding phase diﬀerences. As more multicolour data are procured, it will become clearer whether these
stars behave like their short period counterparts or whether radius eﬀects are more important. For the present, we have investigated the PG 1716+426 star models under the adiabatic
approximation. If temperature eﬀects are shown to dominate,
our results will be valid.

6. Conclusion
We have described a method to compute photometric amplitude
ratios due to the non-radial pulsations observed in V361 Hya
stars. In order to avoid constructing a detailed interior model
and solving the full linear non-adiabatic non-radial pulsation
equations, we have adopted the adiabatic approximation. This
approach is valid for V361 Hya stars because observations indicate that the flux variation is dominated by the temperature
eﬀect.
For V361 Hya stars, the amplitude ratio diagram shows that
the higher spherical degrees ( = 3 and 4) should be easily
identified using the amplitude ratio method if the the observed
amplitudes are large enough and the frequencies are suﬃciently
well resolved. The modes of low spherical degree ( = 0, 1, 2),
however, lie close to one another in the amplitude ratio diagram
and will be more diﬃcult to distinguish. This problem becomes
more acute for shorter periods.
We have also computed amplitude ratios for PG 1716+426
stars. Modes of low spherical degree ( < 2) may be easily
identified from one another. However, they may be more diﬃcult to distinguish from modes with  > 1, depending on their
periods. It remains to be seen whether the temperature variation
is dominant for these stars and, hence, whether the adiabatic
approximation is fully applicable.
Our calculations have shown that, providing very good
multicolour photometry can be obtained, it is possible to identify the spherical degree of some or all of the modes in
V361 Hya stars. The same approach may also allow mode identification for PG 1716+426 stars.
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